Abstract. Let E be a two-dimensional real normed space. In this paper we show that if the unit circle of E does not contain any line segment such that the distance between its endpoints is greater than 1, then every transformation φ : E → E which preserves the unit distance is automatically an affine isometry. In particular, this condition is satisfied when the norm is strictly convex.
Introduction
In 1953 F. S. Beckman and D. A. Quarles characterized isometries of n-dimensional Euclidean spaces under a surprisingly mild condition when n ≥ 2 (see [2] or [4, 9] for alternative proofs). Namely, they managed to show that every transformation φ : R n → R n which preservers unit Euclidean distance in one direction is an (affine) isometry. They also noted that on R or on an infinite dimensional, real Hilbert space the same conclusion fails.
Many mathematicians have been trying to generalize this beautiful theorem. The problem of characterizing those finite dimensional real normed spaces E such that every transformation φ : E → E which preserves the unit distance in one direction is an isometry was raised, in this general form, by A. D. Aleksandrov and hence it is called the Aleksandrov conservative distance problem (see [1] ). In the literature these spaces are also called BeckmanQuarles type spaces. As far as we know, the original version of Aleksandrov problem was solved only for a few concrete normed spaces (see [22] concerning p-norms, and [13] where the norm is not strictly convex), all of them are two-dimensional. Some general results are known for modified versions, for instance in [5] W. Benz and H. Berens investigated the case when the transformation preservers distance 1 and n for some n ∈ N, n > 1. We also mention the paper [18] of T. M. Rassias and P.Šemrl where they assumed that φ is onto and it preserves distance 1 in both directions. They showed that in this case φ is not very far from being an isometry. Several other results are known which are connected to the Aleksandrov problem. The reader can find a number of them in the References.
The original version remained unsolved even for the very special case when dim E = 2 and the norm is strictly convex. Here we present a unified approach which solves the Aleksandrov problem in two dimensions for a much larger class of norms, which we will call URTC-norms. Let us point out that the naive conjecture that every at least two but finite dimensional normed space is a Beckman-Quarles type space is false. However, as far as we know, counterexamples are only known in the simple case when the unit ball of the norm is a linear image of a cube (see [17] ).
Auxiliary definitions and statement of the main result
Since we will consider only two-dimensional normed spaces over R, we can investigate R 2 endowed with a norm · . We say that the norm is strictly convex, if its sphere S does not contain any non-degenerated line segment. If three points a, b, c ∈ R 2 satisfy d = a − b = b − c = c − a for some d > 0, then these points are said to be in a regular d-position. We introduce the following notion. Definition 1. We call · a URTC-norm (unique regular triangle constructibility) if for every a, b ∈ R 2 , a − b = 1 the equation system
is satisfied exactly for two points x ∈ R 2 .
Since the function f (x) := b − x is continuous on a + S, f (b) = 0 and f (2a − b) = 2, the existence of such an x which fulfilles (1) is trivial. Obviously, if x satisfies (1), then a + b − x = x fulfilles it as well.
By translation, we may have assumed that a = 0, and by multiplying with a non-zero scalar, we may have replaced 1 by any d > 0 in Definition 1. We note that for the ∞ norm, one can find two points a, b ∈ R 2 with a − b = 1 such that (1) holds for infinitely many points x ∈ R 2 . We will provide a useful characterization of URTC-norms in Lemma 1.
Our main theorem, which reads as follows and will be proven in Section 3, provides an affirmative answer for the Aleksandrov conservative distance problem for URTC-noms. Theorem 1. Let · be a URTC-norm on R 2 , and let us consider an arbitrary transformation φ :
Then φ is an affine isometry.
We will need several lemmas before proving Theorem 1. We note that Theorem 1 can be considered as a Mazur-Ulam type result in two dimensions (see [14, 7] ). Let us point out that quite the same proof works for the case if we consider two different URTC-norms on the initial and final spaces. However, dealing with the above version makes notations much simpler. Furthermore, by affinity, the modified version of our main theorem says in many cases (in fact when the unit circles of these norms are not linear images of each other) that no transformation φ exists which preserves the unit distance.
Proof of the main result
We begin with a characterization of URTC-norms. The symbols [a, b] and (a, b) will denote the line segment {a + t(b − a) : 0 ≤ t ≤ 1} and the line {a + t(b − a) : t ∈ R}, respectively. Lemma 1. The following conditions are equivalent for any norm · on
In particular, every strictly convex norm is a URTC-norm.
Proof. We define the functions f, g : S → S, z → f (z) such that z − f (z) = 1, z − g(z) = 1, and (0, z, f (z)), (0, g(z), z) are positively oriented. By the URTC property, f and g are well-defined, moreover, we clearly have g −1 = f , and hence f and g are bijective. We proceed with showing that f is continuous.
Lemma 3. The function f is continuous.
Proof. We assume indirectly that f is not continuous, and without loss of generality we may suppose that b 1 ∈ S is a point of discontinuity. We set
A quite straightforward application of Lemma 2 gives the following monotonicity property of f : if z ∈ arc • (z 0 , f (z 0 )), then we have f (z) ∈ arc • (f (z 0 ), f (f (z 0 ))). By this monotonicity property we obtain that there are two points
Both of them contradicts to the bijectivity of f .
holds ( [16, 9] , see also Figure 1 ). By the following lemma, any three points which are in a regular d-position can be extended to a d-probe.
Lemma 4. Let · be a URTC-norm, and let b 1 , b 2 , b 3 , c 1 , c 2 , c 3 ) , where we necessarily have
Proof. We can assume without loss of generality that (0, b 1 , b 2 ) is positively oriented. Let us define which is trivially continuous and h(b 1 ) = 0. Moreover, by the triangle inequality we obtain 1 , b 2 , b 3 , c 1 , c 2 , c 3 ) is trivially a d-probe.
In the above construction we chose b 3 to be b 1 + b 2 . Now, we show that this is the only choice. Since the norm is URTC, the first line of (2) Iterating the above method we can easily prove also the following statement: distance nd is also preserved for every n ∈ N, furthermore, when a, b, c ∈ R 2 are collinear such that d = a − b , (n − 1)d = b − c and nd = a − c , then the same is valid for their images. In particular, φ preserves distance n for all n ∈ N (see Figure 2) . Figure 3) .
By the above observations, we immediately obtain that φ preserves all rational distances. Let a, b ∈ R 2 be two arbitrary different points. For every 0 < ε < a−b 3
we can find p, q ∈ Q such that 0 < q < ε and p − q < a − b < p + q. By Lemma 2 we can find such a point c ∈ R 2 which satisfies a − c = p, b − c = q. Since rational distances are preserved by φ, we get φ(a) − φ(c) = p, φ(b) − φ(c) = q, and by the triangle inequality p − ε < p − q ≤ φ(a) − φ(b) ≤ p + q < p + ε.
Since this holds for every 0 < ε < a−b 3 , we conclude φ(a)−φ(b) = a−b , which means that φ is indeed an isometry.
Since isometries are continuous, affinity of φ follows from the preservations of midpoints which was pointed out before. This completes the proof.
Several norms on R 2 do not have the URTC property. It is not clear what the answer is for the Aleksandrov conservative distance problem for these norms. Those techniques which were presented here do not work for these class of norms. We left this question as a challenging open problem.
